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1 Introduction 

Global stability of dynamic systems is a vast domain in ordinary differential equations and it 
is one of its main topics. Many works have been done in this context, we list some of them: 
[3j [U El [U [8]. However, little is known in the stability of high order (see [10] and [2]). 
In this paper, we are concerned with the global asymptotic stability of prolongations of flows 
generated by some specific vector fields and their perturbations. The method used is based on 
various estimates of the flows and their prolongations. To justify the study of the dynamic of 
prolongations of flows, we consider the Lie algebra x(^ n ) °f vector fields on R n endowed with 
the weak topology, which is the topology of the uniform convergence of vector fields and all 
their derivatives on a compact sets. The Lie bracket is a fundamental operation not only in 
differential geometry but in many fields of mathematics, such as dynamic and control theory. 
The invertibility of this latter is of many uses i.e. given any vector fields X, Z find a vector 
field Y such that [X, Y] = Z. In the case of vector fields X defined in a neighborhood of 
a point a with X(a) ^ we have a positive answer: since in this case the vector field X is 
locally of the form J^- and the solution is given by 

/XI 
Z(t,x 2 , . . -,x n )dt, 
-r 

where = max \xA < r. In the case of singular vector fields, i.e. X(a) = little is known. 

l<i<n 

Consider a singular vector field X defined in a neighborhood U of the origin with X(0) = 
and let 4> t be the flow generated by X. Suppose that X is complete and consider a vector field Y 
defined on an open set V D <j)t(U) for all t £ R. The transportation of a vector field Y along 
the flow <p t is defined as 

{(f>t)*Y(x) = (Dc/> t ■ Y) o <j>_ t (x) 

and the derivative with respect to t is given as follows 



-M t )*Y = [(c/> t )*X, (<p t )*Y] 
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Put Y t = — J Q t {4> s ) 1f Zds 1 then 

[X,Yt] = -j t \ t=0 {(f>t)* J^{fa)*Zds = -J ^(4> s )*Zds = z-(4> t )*z. 

So if (fa)*Z converges to and the integral Y = — J* +oc '(<f> 8 )*Zds is convergent in the weak 
topology, then Y is a solution of our equation. 

As applications of the right invertibility of the bracket operation on germs of vector fields at 
a singular point we refer the reader to the papers by the authors [U [2] (see also [TO]). 



2 Generalities 

First we recall some definitions on global asymptotic stability as introduced in [9]. Let ||-|| be 
the Euclidean norm on K n , K C W 1 is a compact set and / any smooth function on R n , we put 

H/llf = S upmax|| J D Q /(x)||. (1) 

xeK \ot\<r 

Definition 1. A point a S W 1 is said globally asymptotically stable (in brief G.A.S.) of the 
flow fa if 

i) a is an asymptotically stable (in brief A.S.) equilibrium of the flow fa; 

ii) for any compact set K C M. n and any e > there exists Tjc > such that for any 
t > Tk we have \\fa (%) — a>\\ < e for all x € K. 

Definition 2. The point a G 1R" is said globally asymptotically stable of order r (1 < r < oo) 
for the flow if 

i) a is a G.A.S. point for the flow fa; 

ii) for any compact set K C M n and 



V e > 0, 3 T K > such that V t > T K \\fa - al\\? < e, 
where I denotes the identity map. 

A vector field X will be called semi-complete if the X-flow fa = exp(tX) is defined for all 
t > 0. 

First we quote the following proposition which characterizes the uniform asymptotic stability, 
for a proof see the book of W. Hahn [5] . 
Let (<p)t denote a flow defined on M n . 

Proposition 1. The origin in W 1 is G.A.S. point for the flow fa if for any ball B(0,p), 
centered at and of radius p > 0, there exist to > and functions a, b such that 

||&(s)||<a(N|)&(t) (2) 

with a a continuous function on B(0,p) monotonously increasing such that a(0) = and b is 
a continuous function defined for any t > to monotonously decreasing such that lim b(t) = 0. 

t— >+oo 



3 Estimates of prolongations of flows 

We start with some perturbations of linear vector fields. 
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3.1 Perturbation of linear vector fields 

Consider the following linear vector field 



n „ 
O 



X 1 =^oc i x i — , 

1=1 1 

where the coefficients a, G [a, b] C R and are not all 0. 
The Xi-flow, tpj = exp(tX\) is then 

{x) = xe at = ( Xl e ai \ x n e ant ) V t € R (3) 

and its estimates are given by 

||x||e ai < \\i/>l(x)\\ < \\x\\e bt . (4) 

Consider now a perturbation of the vector field X\ of the form Y\ = X\ + Z\, where Z\ is 
a smooth vector field globally Lipschitzian on R n . The explicit form of the Yi-flow is then 



ri(x)=xe M + I Z 1 ^ 1 s (x))ds, (5) 



where A 



a i 



\ • • • a r , 
Lemma 1. If the perturbation Z\ fulfills 

\\Zi(x)\\<Cq Vi£K" (6) 
then the vector field Y\ is complete and the Yi-flow satisfies the estimates 

(||,|| - e« + °j-< HVtoll < (|N| + |) e*- C f. 

Proof. Clearly the Vi-flow ipj is bounded for any t £ [0,T] with T < +oo and any x € R n . 
The same is true if we replace t by —t. Then is complete. 
Consider now the equation 

\jt II^ 1(X) H 2 = + Zi (#(*)))■ (7) 

Letting y = ||^t(x)||, we deduce 

ay 2 - c y <^—y 2 <by 2 + coy, y(0) = \\x\\ 

and by integrating we obtain 

(\\x\\- C ^)e bi + ^<y<(\\x\\ + ^)e bi - C ^. U 
\ a J a \ b J b 

Let B(0, 1) be the open unit ball centered at the origin 0. 
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Lemma 2. If the perturbation Z\ fulfills the estimates 

\\Zi(x)\\ < c' \\x\\ 1+ " 1 V x € B (0, 1) and any integer m > 1, 

\\Zi{x)\\ < Cq ||a;|| for every x G M n \ B (0, 1) , (8) 
i/ien Y"i is complete and the Yi-flow fulfills the following estimates for ant t > 
IM|e aoi < ||^t(x)|| < \\x\\e bot , 

\\x\\ e~ M < ||V-tO)|| < \\x\\ e~ aot (9) 
with Co = max {c' , c '}, a$ = a — c$ and b$ = b + c$. 

Proof. Taking account of the explicit form of the flow ([5]) and the estimates ([8]), we deduce 
that Y\ is complete. If x € B (0, 1) then ||Zi(a;)|| < c' ||x|| 1+m < c' ||x||, letting Co = max {c , c '} 
then ||Zi(x)|| < Co ||x|| for any x £ W 1 . If we put y = IjV't ( x )|| the equation ([7]) leads to 

(a-c )y < ^y < (b + c )y, y(0) = \\x\\ 
and putting bo = b + cq, ao = a — Co, we deduce the following estimates 

\\x\\ e aot <y< \\x\\ e bot for any t > 0. 

The same is also true in the on W l \B (0,1). ■ 

Lemma 3. Suppose that all the coefficients cti are negative, a < c*i < b < 0. 
If the perturbation Z\ fulfills the estimates 

\\Zi( x )\\ < c o ll x l| 1+m f or an V x G ^ n an d an y integer m > 1, (10) 
then the vector field Y\ is semi-complete and the Y\-flow satisfies the estimates for any t > 

|| x || e «* (l - ^ ||x|| m (1 - e am *)) ~™ (11) 



< H^Wll < |k|| e w (l-^||x|| m (l-e &m *))" 



Proof. By the relation ([5]) and the estimates (|10|) . we deduce that the vector field ii is semi 
complete. Letting y = ||^(x)|| and taking into account the equation ([7]) and the estimates (fTUl 
we deduce that 

ay - c y 1+m <j t y<by + c y 1+m , y(0) = \\x\\ 

and by integration we have 



| x || e at (l - ^ ||x|| m (1 - e amt )) m <y< \\x\\ e bt (l - ^ \\x\\ m (1 - e 



Example 1. Let the vector field 

X 3 = ^(a i x i + P i xl^)£ 
i=i 

such that all the coefficients fulfilling 

a < on < b < 0, a' < & < b' < 
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and all the exponents mj are even positive integers with < m' < rrii < tuq. The associated 
flow $ = exp(iX3) is the solution of the dynamic system 

^cf)t(x) = X 3 o 4> t (x), (f) (x) = x 
or in coordinates 

^ (M x ))i = a t (M x ))i + A (M x ))i +mi > M x ) = x - 

This latter is a Bernoulli type equation and its solution is given by 

{4 (*)) . = zie*** (l + ^xT (1 - e^)) " . (12) 



The X3-flow (fit = exp (tX^) then has the explicit form 
$(x) = xe at (l + ^x m (1 - e amt )^j m 



and the following estimates are true, V t > 

IM|e a * < \\(f>U x )\\ < IM|e W (13) 
3.2 Estimation of the fc th prolongation of the Yi-flow 

Denote by T)\(t, x, v) = DTpj(x)v, where v G W 1 , the first derivative with respect to x of the 
li-flow, solution of the dynamic system 

^r}l(t,x,u) = {DyXi -\-D y Z 1 )r)\(t 1 x,u), r}l(Q,x,u) = v 

with y = ipf(x). 

Lemma 4. // the perturbation Z\ fulfills the estimate 

||DZi(x)|| < ci for any x G R n , (14) 
then the derivative of the Y\ -flow is complete and has the following estimates, for any t > 

e ait < \\D^l(x)\\ < e blt , e~ blt < ||Ztyi t (x)|| < e~ ait (15) 
with a\ = a — c\ and b\ = b + c\ . 

Proof. Consider as in previous lemmas the following equation 

\~d~b H^^'^'^ll 2 = ( 7 7i(*> a; > I/ )> ( a + DZ i)vl(t, x > 1 ')) ( 16 ) 
and put z = x, u)\\, so 

(a - Cl )z 2 < ~z 2 <(b + Cl )z\ z(0) = \\u\\ (17) 
and then 

HI e ait < z < \\u\\ e blt for any t > and v G M n . ■ 
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Lemma 5. If the perturbation Z\ fulfils the estimates 

\\D l Z\(x)\\ < c'i ||x|| 1_ ' +m for any x 6 B (0, 1) and all integers m > 1, 
H^Z^a;)!! < c'{ \\x\\ l ~ l Viel"\5 (0, 1) 

with I = 0,1, then the first derivative of the Y\-flow is complete and is estimated by, for any 
t > 

e ait < \\Dtpl(x)\\ < e blt , e- blt < ||.D^ t (x)|| < e~ ait (18) 
with c\ = max {c[, c'[}, ai = a — q and bi = b + ci, I = 0, 1. 

Proof. For any x 6 B (0, 1) we have ||-D'Zi(x) || < c\ ||x|| 1_i+m < c[ ||x|| 1- ' and letting q = 
max {c[, c'[}, we get for any x € W 1 \\D l Zi(x)\\ < ci\\x\\^~ . By the same arguments as in 
previous lemmas we get the estimates (|18p . ■ 

Lemma 6. Suppose that all the coefficients ai are negative, a < ai < b < 0. 
If the perturbation Z\ fulfills the estimates 

\\Zi( x )\\ < c ||a;|| 1+m , ||DZi(x)|| < ci ||x|| m for all x G ]R n and any integers m > 1. 

Then the estimates of the first derivation of the Yi-flow are as follows, for any t > 

e «* (l_^|| s |p(l- e amt ))~^ < \\d4(x)\\ <e bt (l-^\\x\\ m (l-e bmt )y^. 
Proof. Letting y = ||^(a;)|| and z = \\r]l(t, x, z^)|| in equation (|16j) . we get 

(a - Cl y m )z 2 < ~z 2 < {b + c iy m )z\ z(0) = \\u\\ 
and taking into account the estimates given by the relation (jlip . we obtain 

||x|| m e mat (l - ^ |[x|| m (1 - e amt )) _1 < y m < \\x\\ m e mbt (l - j \\x\\ m (1 - e b 
consequently 

rt \\x\\ m e mas ds 



\\v\\ exp yat — c\ 

< z < \\u\\ exp 
which has the solution 

IMIc * (l - ^ llxir (1 - e amt ) 



o l-2> ||x|| m (l-e ams ) 

t ||x|Pe mfes ds 



l-f\\x\\ m (l 



ohms'* 



< 2 < ||i/||e M (^1 - y ||xH m (l -e bmt )j mc ° for i/£R" 

Example 2. We consider the same vector field as in Example [H Denote by ^(t,x,u) 
D<ffi{x)v, Vf G M n , the first derivation of the X^-flow. In coordinates, we have for any i, j 
1, . . . ,n, 



-i 

(<^ 3 (x)) . = (l + ^x™ 1 (1 - e a > m ^ ^ 
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so we deduce that 



and by the estimates (|T3l) we get 

e a * < ||l>0f(x)|| < e bt . 
The second derivative is 

J?l ($(a;)) . = _(l + m .)^L x - 1 +^ e « l * (i _ e aimit) + ^L x ^ (i _ e «i"K*)^ ' m< . 

Consequently, for / = 1,2 and any x £ B (0, p) with p > arbitrary fixed, there are constants 
Mi > such that 

\\D l 4(x)\\<M ie bt . 

3.3 Perturbation of a nonlinear vector field 

Consider the nonlinear vector field 

X 2 = ^2 l Pix\ +mi -^- with all mi > and all pi < 0. 

i=i dXi 

The explicit form of the X2-f low is then given by 

<j$(x) = x(l - mf3tx m )^ (19) 
for any t > in the sense 

= xi(l - mipitxf*)^ , 1 < t < n. 



Lemma 7. // i/te following assumptions are true 

i) all the coefficients f3{ are non positive, —a' < < —b' < 

ii) all the exponents nrii are even positive integers; < mo <rrii < m' Q . 

Then the vector field X 2 is semi-complete and the X2-flow satisfies the estimates 

||x|| (l + b'm t \\x\\ m °)^o < \\4h{x)\\ < \\x\\ (l + a'm' t \\x\\ m 'A™° for any t > 0. (20) 

Proof. Clearly the flow cj) 2 = exp(tX2) given by (|19p is semi-complete i.e. defined for all t > 0. 
Consider the equation 

i|||0?(x)|| 2 = (0?(x),/3(0?(x)) 1+m 
and put y = 4> 2 {x), then 

b'y 2+mo <lj t y 2 <a'y 2+m '°, v(P) = \\x\ 



and we get the estimates given in (|20j) . 
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3.4 Estimation of the fc th order derivation of the X 2 -flow 

Let ^(i, x, v) = D<pt(x)v, V v £ W 1 be the first derivation of the X2-flow. 
By formula (|19p . we get in coordinates 

^^{x)) i = {l-m i ^T X -M with 5i = {\l\ = ^ 

where i, j = 1, . . . ,n. 
Consequently 



i 



(l + b'mt\\x\\ m °y L ~^ < \\D$(x)\\ < (1 + a'm' t\\x\\ m °) < . (21) 
To get the estimates of the second derivative, we put 
Wi = 1 - miPitx™*, 

so 

■£-Wi = mi( Wi - l)x~ l and (<j) 2 t (x)) . = Wi ~ X ~~ . 

Consequently 

q2 i_ 3_ / a 2 a 2 \ 

^-2 (0?(x)) i = (1 + mjxfwi "h (t^ 2 - ^r 1 ) = x" 1 ^ ^ + , 

where a 2 and a 2 , are real constants. Let p > be any arbitrary and fixed real number, then for 
any x 6 5(0, p) and any i > £q > and I = 1,2 there is > such that 

1 1 D l $ (x) 1 1 < M[t ™o. 
Suppose that for I = 1, . . . , k — 1, with fixed fc, there exist constants a l j and M; > such that 



^ 2 (^=z-w^e4' 



where are real constants and 

||-DV?(a;)|| <M(t m o Vt > 0. 
For the estimates of the k th derivative, we compute 



X- Wi 



where are real constants. 
So we resume 
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Proposition 2. Suppose that 

i) all the coefficients satisfy /3j < 0, —a' < Pi < —b', 

ii) the exponents mi are even natural numbers such that < mo < m, < m . 

Let p > be any arbitrary fixed real number. For any x £ B(0,p), for any t > to > and 
V k > 1 there exist a constant M k > such that 

_i_ i 

\\D k $(x)\\ < M k t ™o. (22) 

3.5 Estimates of the l^-flow 

Let 

^E(fe! +m *+4W)|; 

i=l 

the perturbation of the nonlinear vector field X 2 and denote by = exp(tY 2 ) the solution of 
the dynamic system 

4r^t( x ) =Y 2 o ipt(x), VoO) = x - 

In coordinates we have, i = 1, . . . , n, 
d 

g^2,i(^ X ) = A^" 1 '^)^) + Z 2i {^t{x)) , lp2,i(0,x) = Xi. 

Putting 
and 

we get 

l4(t) = -miij-}~ m ^t,x) — ih ti (t,x). 
The Cauchy problem reads as 

y' t (t) = -rmPi - m (y l (t)) 1+1 ^ z 2t ( y ^(t)), Vi (o) = x r m > 

and has the following solution 

Vi(t) = X; 1 - miPit - m» / y»(s) 1 Z 2i (y <« (s)a!s, 



i.e. 



so we have the explicit form of the Y^-f low 

tfjf(x) =x(l- m(3tx m - mx m ^(x)" 1 -™ Z 2 {^ 2 s {x))ds^j ™ . (23) 
Now we will estimate the Y^-flow. 
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Lemma 8. Suppose that 

i) all the coefficients satisfy 0i < 0, —a' < f3i < —If ; 

ii) the exponents m,i are even natural numbers with < mo < m.j < m' ; 
Hi) 

\\Z 2 i(x)\\ <c' \xi\ 2+m * if ^5(0,1), 
\\Z 2l {x)\\ < eg \x t \ 1+m < if x G R n \ B (0, 1) 

with Co = max {c' , c '}, bo = b' — cq > 0, ao = a' + cq. 
Then 

1) the vector field Y 2 is semi-complete; 

2) the Y 2 -flow has the estimates 

-1 - 1 

||x|| (1 + a m t |[x|r°)^ < \\ip 2 t {x)\\ < \\x\\ (l + b m' t \\x\\ m ° ) ™o; (24) 

3) let p > and to > be fixed, then for any x G B (0, p) and any t > to > there is 
a constant Mq > swc/i that 

i 

\\ipt(x)\\ < M \\x\\t m 'o. (25) 

Proof. Let x G 5(0,1), by assumption we have ||Z2j(x)| < c' |xj| 2+mi < c |xj| 1+m % put 
Co = max{c ,CQ} then for any x G M. n we deduce ||Z2i(x)|| < Co |xj| 1+?Til . Now taking account of 
the relation ([23]) we deduce that for any t G [0, T] 

IL/.2/ ■■ ' 1 



(x)|| < \\x\\ (1 + mt \\x\\ m (b' - c )) m < \\x\ 



hence the vector Y 2 is semi-complete, i.e. defined for all t > 0. 
Consider the equation 

~n (^(*)) 4 ii 2 = (m*))^ m*))T mi + 3« «(*)) 

we get 7/i = || (^ 2 (x)^ || and y«(0) = |xj|, so we deduce 
and 

^2/ 2 >(A-co)l/ 2+ ^>-(a' + c ) y 2+ -. 
We put bo = b' — Co and ao = a' + Co , the solutions are estimated as 

(|x 4 |- mi + aormty^i < || {f t {x)). || < (|x,r mi + 6 ^)"^. (26) 



Hence, we have the estimate (|25l) . 

Now, we estimate the first derivation of the l2-flow. Let n\{t,x,u) = Di\)\{x)v, V v G 
the solution of the dynamic system 

^r)l(t,x,u) = (D y X 2 + D y Z 2 )rjl(t,x,v), r)l(0,x,u) = v 

with y = ip 2 (x). 
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Lemma 9. Suppose that 

i) the coefficients are such that Pi < 0, —a' < Pi < —b'; 

ii) the coefficients mi are even natural numbers, < m,Q < mi < m ; 
in) 

\\D l Z 2i {x)\\ < c[ \ Xi \ 2 - l+mi ifx £5(0,1) , 
\\D l Z 2i (x)\\<c' l , \x i \ 1 - l+mi i/xer\B(0,l) 

with I = 0, 1; 
iv) 

a = a + c , b = b' - c > 

and 

ai = a'(l + mo) + ci, &i = 6'(1 + mo) — ci > 

TOi/i q = max{cj,cj'}. 

Then the first derivation of the Y2-flow has the following estimates, for any t > 

__aj_ , _ b l 

(l + b m t\\x\\ mo ) 6 o-o < \\Dip 2 t {x)\\ < (l + a m' t \\x\\ m °) ^™o. (27) 

Let p > be arbitrary and fixed for any x £ B(0,p), and any t > to > i/iere is a constant 
All > s-uc/t that 

h 

\\Dip 2 (x)\\ < Mtf (28) 
Proof. Let x £ f? (0, 1), for I = 0, 1 we have 

Let q = maxjcj,^'} then for x £ M n one has 

\\D l Z 2i (x)\\<c l \x i \ 1 - l+mi . 
Consider the equation 

~\\r)l(t,x,v)f = (rj 1 2 (t,x,u),(D y X 2 + D y Z 2 )4(t,x,u)) 

and put z(t) = \\r}\{t,x,v)\\ with z(0) = ||^||, then 

\U 2 < sup (((l + m^ + Cl )||(^ 2 (x)).|D z 2 < z 2 sup (-M (#(*)). IP) 

Z GEE £=l,...,n i=l,...,n 

and 

—z 2 > Jnf n (((1 + mi)Pi - d)|| (^ 2 (x)) 4 |D z 2 > z 2 ; inf ?) (- 0l || (^ 2 (x)) 4 |D . 
The solutions fulfill the following estimates 



H|exp inf ^-ai J \\ (^ 2 {x)) . ||' mi ds^ 

< z(i) < ||i/|| exp sup (-bi [ || (^ 2 (x))J| m< 6>s 

i=l,...,n V ./0 
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with, by (|26 



< II ($(*)) 



< 



if (I, 



1 + aQrriit \xi\ m ' 1 1 + borriit \xi U 

So we deduce 



* \ rr .\ m i 



|/v||exp inf ( — a\ / - — — j — rm-ds 



i=i,...,n \ J 1 + borriiS \xi 



t \r r .\ m i 



<z(i)<|M|exp sup i-h — , — m ds 

i=l,...,n V Jo 1 + aoms \Xi\ 

Consequently the solutions satisfy 

a i b i 
\\u\\ inf (1 + borriit \xi\ mi ) b o m i < z(t) < \\u\\ sup (1 + a m,it \xi\ mi ) a o m i . 

i=l,-,n i=l,...,n 

Then there are constants rriQ > and m' > such that 

\\u\\ (l + horMlNir ) - ^ < \\Di/$(x)u\\ 

, _ H 

< (1 + a m' t \\x\\ m o ) a ° ro o V v G E n and for any t > 0. 
Hence, we have the estimate (|28p . I 

3.6 Perturbation of binomial vector fields 

Let 

i=l 1 

with a < aj < b < 0, a' < fa < b' < and < ttiq < mi < m' , be the perturbation of 
the binomial vector field X% and let ipf = exp^Yjj) be the Y^-flow which is the solution of the 
dynamic system 

4^ipt(x) =Y 3 o ip t (x), ip (x) = x 

and in coordinates, we get 
d 

0^h,%{t,x) = ank,i{t,x) + faipl+ mi (t,x) + Z 3)l (^(x)) , i>i(0,x) = Xi 

which is a Bernoulli type equation and by the same method as in the proof of previous lemmas 
and with putting 

!/«(*) = ^Pi^x) 

and 
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we get the solution 

/ Ii. \ a i t [ ^ . Pi ' 

ip 3t i(t,x) = x t e 1H x i \l-e 



OLi 
t 



- m lX ^ ^ [ik,i(8 i x)]- 1 - mi Z 3 M(x))e aimiS dsj 
and the implicit form of the Y^-flow reads as 

_ j_ 

^(x) = xe at ^l+^ m (l-e am ')-mi m | [^ 3 (x)] ~ 1_m Z 3 (^ 3 s (x))e ams ds^j (29) 
3.7 Estimation of the 13-flow 

By the same arguments as in the previous, we get the following estimates of the 13-flow. 

Lemma 10. If the following assumptions are true 

i) all the coefficients on are negative, —a < o,i < —b < 0; 

ii) all the coefficients Pi are non positive, —a' < Pi < —b'; 

Hi) the exponents mi are even natural numbers with < too <m. L < m' ; 
iv) 

\\Zm{x)\\ <c> \xi\ 2+m < ifxeB(0,l), 
\\Z3i(x)\\ < 4 M 1+mi tfx£R n \B (0, 1) 

with Co = max {c' , c '}, bo = b' — cq > 0, a$ = a' + c$. 
Then 

1) there exist constants m > and ml > such that the Y 3 —flow has the estimates, V t > 

||d|e- a * (l + ^||x|r(l-e- amt ) 
V a 

< ||^ 3 (x)|| < ||x|| e~ bt (l + j \\x\\ m ' (1 - e- fem '*) 

2) for any t > there are positive constants c\ and c<i such that 

ci \\x\\ e~ at < Ut(x)\\ < c 2 \\x\\ e~ bt ; (30) 

3) the vector field Y 3 is semi-complete. 

By similar calculations as in previous lemmas, we get the following estimates to the first 
derivative of the Yjj-flow. 

Lemma 11. Suppose that 

i) all the coefficients ai are negative, —a < on < — b < 0; 

ii) all the coefficients Piare non positive, —a' < Pi < —b'; 

Hi) the exponents mi are even natural numbers such that < too <mi< m' ; 
iv) 

\\D l Z 3i {x)\\ < c[ \xi\ 2 ~ l+m * ifxeB (0, 1) , 
\\D l Z 3l (x)\\ < c'l Ixil 1 - 1 ^ if xeR n \B (0,1) 

with I = 0, 1; 
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v) 

a = a' + c , 60 = b' - c > 

and 

a\ = a'(l + mo) + ci, b\ = b'(l + mo) — c\ > 

with c\ = max{cj,cj'}. 

Then there exist constants m > and m' > such that for any t > 

e- fl + ^||x|r(l- e -^ 



b 

< \\D$(x)\\ < e~ bt + ^ \\x\\ m ' (1 - e 
and /or any f > 0, i/iere is a constant Mi > siic/i £/iai 

||£>Vf (») || < M x e- U . (31) 

4 Global stability of prolongations of flows 

With notations of the previous sections, we will give global stability of some flows. 

4.1 Global stability of the Yi-flow 
Lemma 12. Let the vector fields 

n d 
Yi = }^ (aiXi + Zu(x)) — 

i=i ° Xi 

with the following assumptions 

i) all the coefficients are negative, —a < on < —b < 0; 
ii) 

\\Zi(x)\\ < c' ||x|| 1+m V s G £(0,1) ond Vro > 1, 
ll^i (x) || < cg||x|| VxGr\5(0,l); 

ra) 60 = & — Co > 0, where cq = max {c , c '}. 

Then the origin is a globally asymptotically stable equilibrium to the Yi-flow on M n . 

Proof. Let iftj = exp(tYi) be the Yi-flow, then by the assumptions and the estimates given by 
Lemma [2] we get that 

|K(z)|| < IMI e~ bot V t > and Vx G M n 
and by Proposition [TJ the origin is G.A.S. for tp\ on W 1 . ■ 
Example 3. We consider the vector field 



d 

i=i 
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of Example 1 with a < a.% < b < 0, a' < pi < b' < 0. The X3-flow = exp (tXz) is then given 



Let p > be arbitrary and fixed real number. By the estimates (|13|) . we have for any i £ fi(0, p) 
and any t > to > 



By Proposition!!] the origin is a G.A.S. for the flow 4>1 on R n . 

4.2 Global stability of the first prolongation of the Yj-flow 

Lemma 13. With the same assumptions as in Lemma [121 and the following conditions 

WDZ^xjW < c[ \\x\\ m Vi£B(0,l) andVm>l, 
\\DZi(x)\\<c'l ViGR n \B(0,l) 

with b\ = b — c\ > and c\ = maxjcj, c'{}. 

Then the origin is a globally asymptotically stable for the first prolongation of the Y\-flow 
on W 1 . 

Proof. By the estimates (|T8|) and the hypothesis we deduce that 

\\Dipl(x)v\\ < M\e- hlt Vt>0, Vi/6l n 

and by Proposition [Hwe obtain that the origin is a G.A.S. equilibrium on W 1 for r]\(t,x,v) = 
Dipl(x)u. U 

4.3 Global stability of the fc th prolongation of the Yj-flow 

Suppose that 

i) all the coefficients are negative, —a < on < — b < 0; 

ii) for any / = 1, . . . , k — 1 

||-D'.Zi(x) || < c[ ||x|| 1_ ' +m for any x G B (0, 1) and for any integer m > I — 1, 

||Z)'Zi(x)|| < cf ViGl n \5(0,l), 
a = a + c , b = b - c > 0, 
ai = a + ci, 6i = b — c\ > 

with q = max{cj,cj'}, 6j = q V Z > 2. 

Put ?^(t,x, ^, . . . , z^) = D k ipl (x)is k , where v € M n . Since by Lemmas 1121 and [T3l the origin is 
an G.A.S. equilibrium for rj[, with / = 0, 1, on W 1 , we suppose that this property remains true 
for I = 0, 1, . . . , k — 1 with k > 2 i.e. for any p > and any x £ -B(0, p) there exist constants 
Mi > such that for any t > t > 



We will show that the origin is a G.A.S. equilibrium for rj k on W 1 . i] k (t, x, u, . . . , v) = 



by 




||0f(^)|| < \\x\\e 



-bt 



D l 4>l(x)\\<M ie 



-b ± t 




= v 
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with y = ipt{ x ) an d 



k f i 

G\{t, x ,v) = j2 Dl v Y i(y) E \U Dij ^^y j 

1=2 iiH \-ii=k \j=l 

i j>0 

k~l ( I \ 

Z=2 ti+-+ij=fc \i=l / 

Consequently we get 

»tf (t, . . . , v) = D$(x)v + f D*L B {$( X ))G\(a, x, u)da. 



The integral is well defined at s = 0, since 
\hn D4_ s (ijl(x))=D4(x) 

and there exist constants Ai > such that 

k 



lim .G^s,x,u) =Y j A l D l y Z 1 (y)u k 



1=2 

We will show that it converges uniformly with respect to x as t + oo. Put 
Wl_Ml^))\\\\G\{s,x,v)\\ds. 



Since <c/V/>l,VxG R n , there are constants bi > such that V y £ IE 

< 6; and by the assumption of recurrence there exist constants Mi > such that 

||DtytO*OII <Mie~ blt Vt>0. 
We deduce that there is a constant Ck > such that 

4 < E 6 < M ' f e- bl{t ~ s+sl) ds < C k e- b ^. 

1=2 J ° 

So for any x £ M n one has 

k 



r+co i 

Hm 4 < J2 Mlbl H / e ~ blSds = rY, Mlbl II 



l' 



1=2 " u " Z=2 

and the integral I k is uniformly convergent with respect to x E M n as t — > +oo. Consequently 



lim 



/•+oo 

|^||= lim ||^(^ll+ / I™ \\D^ s ^ l s {x))\\\\G\{s,x,u)\\ds = Q 

t— ++oo Jq t— >+oo 



and there is a constant M£ > such that 



< \\Dti(x)v\\ + / \\D^lM(x))\\\\Gt(s,x,v)\\ds < M' k \\vfe 



This show by Proposition [T] that the origin is a G.A.S. equilibrium to n\ on W 1 . We formulate 
our proving as follows 

Proposition 3. Let k > be any integer. The origin is a G.A.S. equilibrium of order k for 
the Yi-flow and there is a constant M k > such that V t > 

\\D k ti(x)\\ < M k e- b ^\ \\D k ^_ t ^)\\ < M k e^. (32) 
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5 Global stability of a flow generated 
by nonlinear perturbed vector fields 

First we will start with monomial vector fields. 

5.1 Global stability of the X 2 -flow 

Let 

1=1 

with 

(i) all the coefficients 0i < such that —a' < < —b'; 

(ii) all the exponents m; are even natural integers with < mo <mi < m Q . 
Let (t>1 = exp (tX 2 ) be the X2-flow. By the estimations (fT9j) we obtain 

-i 

||0t(^)|| < IHI {l + am' t\\x\\ m °)™v. 

Let p > be arbitrary fixed, for any x € B(0,p) and any t > to > there is a constant 
M > such that 

_ i 

||0?O)|| < Mo INI t ™o. 

By Proposition (TJ the origin is a globally asymptotically stable equilibrium to the flow 4>1 on W 1 . 

Let Z = 1,2, . . . any positive integer. By Proposition [21 we have: for any fixed /5 > 0, and all 
x € -6(0, p) and t > to > 0, there exist constants Mi > and M/ > such that 

i i 

||L>Vt 2 (x)|| < M z i m o and < M/. 

So the origin is a G.A.S. equilibrium for D l (p^(x) on R n . 
Resuming our proving, we get 

Proposition 4. Let k > be any integer. Under the above conditions (i) and (ii), the origin 
is a G.A.S. of order k for the X2-flow on M n . 

5.2 Global stability of high order of the l^-flow 

Let 

i=l 

be a smooth vector field on W 1 such that 

i) all the coefficients /3j < are non negative with —a' < fa < —b'; 

ii) uii are even natural numbers with < tjiq <m>i < m' ; 

iii) for k = 0, . . . , 1 + m% 

\\D k Z 2 dx)\\ < 4 \xi\ 2 - k+m * if x G B (0, 1) ; 
\\D k Z 2l {x)\\ < c'l Ixil 1 '^ ifxeR n \B (0, 1) ; 
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iv) for any k > 2 + m. 



\\D k Z 2i (x)\\ <c k ; 



v) 



a'(l + to ) + ci 



60 = b' — Co > 0, 61 = + mo) — ci > aom 
with Cfc = max {c' fc , c' fc '}. 

Remark 1. If x G B (0, 1) then ||D fe Z 2j (x)|| < c' fc |xi| 2_fc+mi < c' fe |^ i | 1_fc+Tri1 . Putting q = 
max{c|,cj'}, we deduce that for any x € W 1 have ||.D fe Z2i(x) || < c^ |xi| 1_fe+ma . 

5.2.1 Global stability of the Y 2 -flow on R n 

Let ^1 = exp (rt^) be the l^-flow and let p > be arbitrary and fixed, so by the estimates (f25j) 
for all x £ -B(0, p) and all t > to > there is a constant Mq > such that 



So by Proposition [H the origin is a G.A.S. equilibrium for the l2-flow ipf on M n . 
5.2.2 Global stability of prolongation of the Y-j-flow on M, n 

We proceed by recurrence. Since it is already true for k = 0, we suppose that for any / = 
1, . . . , k — 1, with k > 2, the origin is a G.A.S. to D l ijj^{x) on R n that is to say for any fixed 
p > 0, all x 6 -6(0, p) and all £ > to > there are constants Mi > such that 



||V> t 2 (x)|| < M ||x||t m o. 



\\D l tf(x)\\ <Mtt 








and \\D l ${x)\\ <M(. 



We will show that is a G.A.S. for D k i/)f(x) on M n . 

Put r/f(t, x, z/, . . . , 1/) = D k ip^{x)v k V v £ R n which is solution of the dynamic system 
^ = D y y 2 ■r\\ + G\ (t, x, z/), 7^(0, x, z/, . . . , v) = v 



with y = ipf(x) and 




i j>0 



By the method of the resolvent, we deduce 




Clearly the integral 
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is well defined at s = and s = t, since 



lim D$_ a {tf(x))=D${x). 

s— >0+ 



By the recurrent assumption D i/Jq(x) are bounded and there exist constants A\ > such that 

k 

lim \\G%(8,x,v)\\ < V^||DiY 2 (xy||. 

In the same way 

lim Dipt_ s (ipg(x)) = identity. 

Now, we have to show that 

jf = [\\D^_M(x))\\\\G k 2 (s,x,u)\\ds 



converges uniformly on any compact set K C W 1 as t — ► 0. 

Let x € if, by the relations {25]) and ([28]) we get for alH > 

\\x\\ (1 + a Q m Q t ||x|r°)^ < ||^i 2 (a;)|| < \\x\\ (l + bom t\\x\\ m 'o)"^ , 



{l + bom t\\x\\ mo ) "o^o < ||D^ t 2 (x)|| < (l + a mot||x|| m °) °o m o . 

So ||y|| = \\ipt (x)\\ < \\x\\ and ||-Di/ ; i-s(' i / ; s( x ))|| * s bounded. Since for any x G W 1 and any 
1 = 1,..., 1+rrii, \\D l Z2i{x) \\ < q \xi\ l ~ l+m ' 1 then D l y Y2{y) are bounded. Now by the assumption 
of recurrence there exist constants Mi > such that for any t > 

\\D l ip 2 (x)\\ < Mit "°*"o 
with anvn'r, < b\ i.e. bl , > 1, and we deduce the existence of constants Ci > such that 

lim I 2 k <YQ s ^ods < Y Q ( -^r - 1 . 

The integral /| converges uniformly on any compact X C M n as i — > +oo. 
Now since the integral is well defined at s = 0, then 

lim \\rfi(t,x,v, . . .,u)\\ < lim ||Z>0 2 (x)v\\ = INI 

hence there is a constant > such that 
||D^ 2 (x)||<M(. 

In the same way as above the integral J" * \\Dip 2 _ s (ip 2 (x))\\ WG^is, x, u)\\ds is well defined and 
putting t = 4 we obtain 



4{t,x,v,...,v) = D^t{x)y + t / D^ (1 _ T) (^ T (i))G^(tf,i,i/)d 
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Since b\ = b'(l + ttiq) — c\ > aom' , by the estimates (j26|) and (j28j) . we deduce the existence of 
a constant M k > such that 

\\r^(t,x,u i ...,u)\\<\\D^(x)u\\+t f \\G k 2 {tT,x,u)\\dT 

Jo 

lb 1 

<|| J D^ 2 (x)H|+t^y — ^ u __ dT < Mk t 

/=2 ° (l + 6 ^r||x|| m «) 

Which shows that the origin is a G.A.S. equilibrium for 77* on ]R n . We formulate this fact as 

Proposition 5. Let A; > be any integer. Under the above conditions (i), (ii), (Hi), (iv) 
and (y), the origin is a G.A.S. of order k on W 1 for the Yi-fiow and there is a constant 
M k > such that for any t > t$ > 

H 

\\D k i$(x)\\ < M k t "°™o. (33) 



5.3 Global stability of prolongations of the Y^-flow 

Let 

Y 3 = [oaxi + ftx 4 1+m ' + Z 3i (x)) — 

i=l 

with 

i) all the coefficient on are negative with — a < Oj < — b; 

ii) all the coefficients ft < and —a' < ft < —b'; 

iii) the exponents m.j are even natural numbers with < tuq < m, < m ; 

iv) For any k = 0, . . . , 1 + m.j 

\\D k Z 3i {x)\\ < 4 \ Xi \ 2 - k+m > if x G B (0, 1) , 
\\D k Z 3l (x)\\ < 4 N 1_fc+mi if x G R n \ B (0, 1) ; 

v) for any k > 2 + mi 
\\D k Z M (x)\\ <c k ; 

vi) 

o = a' + c , ai = a' (I + mo) + ci, 

60 = — Co > 0, 61 = + mo) — ci > 

with Cfc = max {c' fc , c' fc '} . 

Remark 2. If a G B (0, 1) then \\D k Z 3i (x)\\ < c' k \ Xi \ 2 ~ k+mi < c' k |^i| 1 ~ fe+Trii . 
Let q = max{cj,cj'}, for any x G W 1 one has ||D fc Z3j(x)|| < c k \xi\ l ~ k+m \ 
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5.3.1 Global stability of the 1^-flow K™ 

Denote by ipf = exp(il3), by the estimates ([30]) . we have 

||Y>?(aO|| < C||x||e~ 6 * V t > and V x € R n , 

where C > is a constant. So by Proposition [TJ is a G.A.S. on W 1 . We proceed by recurrence; 
since the property is true in case k = 0, we assume that the property remains true for any 
I = 1, . . . , k — 1, with k fixed i.e. is a global G.A.S. of 773(4, x,u } ...u) = \\D l ipf(x)u k \\ on M n 
and there exist constants Mi > such that for any t > 

\\D l ^ t {x)\\<M l e- bt . 

We will show that is a G.A.S. equilibrium to 773 on W 1 . 
77* (t, x, u, . . . , v) is a solution to the dynamic system 

f t vl = D y vl + G k 3 (t,x,u) 
with y = ipf(x) and 

k ( l 

G h 3 (t,x,u) =J2D l y Y 3 (y) Yl m^HW 3 ' 

1=2 h+-+ii=k \i=l 

By the method of the resolvent, we get 

rfc(t,x,v,...,v) =Lhfl(x)v+ [ D^ s (*l> 3 s (x))Gl(s : x : ij)ds 



and by the same argument as for the l^-flow, we deduce that for any integer k > there exist 
a constant such that V t > 

\\D k 4>f(x)\\ < M k \\x\\e- bt . 

By Proposition [H we have 

Proposition 6. Under the above conditions (i), (ii), (Hi), (iv), (v) and (vi), the origin is a 
G.A.S. equilibrium of order k on W 1 to the Y^-flow . 
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